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1 Introduction

Light-cone gauge string field theory provides a useful way to define string theories [1-3].
Given the action, it is possible to define the amplitudes and calculate them perturbatively,
although we should check if they are well-defined. Since it is a gauge fixed theory, there
is no problem in considering a light-cone gauge string field theory in noncritical space-
time dimensions. Being noncritical, it does not possess the space-time Lorentz invariance.
It should correspond to a string theory in a Lorentz noninvariant background. In other
words, we should be able to find a BRST invariant worldsheet theory, with a nonstandard
X* part.

What we would like to do in this paper is to study this X* theory. We give the energy-
momentum tensor and the action of the theory and calculate the correlation functions. We
show that the energy-momentum tensor possesses desired properties, and construct a BRST
invariant formulation of the worldsheet theory.

The reason why we are interested in this theory is that it can be used to regularize
the string field theory. The dimensional regularization is one of the most powerful regu-
larizations for ordinary quantum field theory and it may be useful also in string theory.



In particular, in the light-cone gauge superstring field theory, unwanted divergences occur
even at the tree level, because of the transverse supercurrent insertions at the interaction
points of the vertices. In ref. [4], we have proposed a dimensional regularization scheme
to deal with these divergences. We have found that the divergences of the tree amplitudes
can be regularized by shifting the number of the space-time dimensions. We have checked
that the results of the first quantized formalism are reproduced without any counterterms
for the four-point case. In order to proceed further we need to show that the dimensional
regularization preserves important symmetries of the theory. If the light-cone gauge string
field theory corresponds to a BRST invariant formulation even in noncritical dimensions,
it means that the dimensional regularization preserves the BRST symmetry.

In this paper, we deal with the case of closed bosonic string field theory. We restrict
ourselves to the tree amplitude and consider the worldsheet theory on the complex plane.
The organization of this paper is as follows. In section 2, we present a way to rewrite
light-cone gauge string amplitudes in a BRST invariant form. We follow the procedure in
noncritical dimensions, and show what kind of worldsheet theory of X* should appear in
the end. In section 3, we study the theory for X+ and show that it is a CFT with the right
Virasoro central charge. Namely, combining the CFT for X* constructed here with the
worldsheet theory for the light-cone gauge strings in noncritical dimensions, we obtain a
CF'T with the central charge 26 by which we can define a BRST invariant worldsheet theory.
In section 4, we show that the tree amplitudes in the noncritical case can be written in a
BRST invariant form. Section 5 is devoted to discussions. In appendix A, we present the
action of the light-cone gauge bosonic string field theory in d dimensions. In appendix B,
the Mandelstam mapping is given. In appendix C, we present a way to calculate I'[¢],
which is used in sections 2 and 3. In appendix D, the details of the calculations in section 3
are presented.

2 Relation between light-cone gauge amplitudes and covariant ones

2.1 Critical case

In order to study the noncritical case, it is useful to consider the relation between light-cone
gauge amplitudes and covariant ones for critical strings. One can calculate the amplitudes
starting from the light-cone gauge string field theory action given in appendix A. The tree
amplitudes can be expressed by path integral on the light-cone diagrams, on which the
complex p coordinate is introduced as usual. Via the Mandelstam mapping p(z), which is
given in appendix B, one can express them using correlation functions of vertex operators
on the z-plane endowed with the metric

ds® = dpdp = e®dzdz , ¢ =1n(0pdp) . (2.1)

The correlation functions we should consider are

N

F= (%)%(iﬁ)é(iﬁ) / [dXT], e [Ivie. (2.2)

r=1



Here Sy: denotes the free action for the 24 transverse coordinates X* and V;*© denotes the
vertex operator. We assume that the r-th external state is of the form

and the vertex operator should be

X —pr

e 0K ) 0 X))

£ . (1) .. (7~ D) (wy., w,) , (2.4)

Wy =1,=0
where TO(T) is defined in eq. (B.3), w, is the coordinate of the unit disk of the r-th external
string given in eq. (B.1) and «, = 2p;". The on-shell and the level-matching conditions
require that

DO |

(=2pfpy +pPipl) +No =1, No=D mi=> i1 (2.5)
( J
The path integral measure [dX ’} é should be defined using the metric (2.1). It is related
to the measure [dX Z] which is defined with the flat metric ds? = dzdZ as
. .
[Xm]d) x [dXZ] e Tl

Roughly speaking, I" [¢] is given by the Liouville action
24 =
Do)~ 5 [ 20000, (2.6)
241

where d?z = d(Re z)d(Im z). Since ¢ diverges at the poles and zeros of dp by the defini-
tion (2.1), the Liouville action is not well-defined at these points. I'[¢] can be evaluated
by regularizing the divergences and carefully taking various effects into account [5, 6].
We present an alternative derivation of I'[¢] in appendix C and give an explicit form in
eq. (C.22).} Thus eq. (2.2) can be rewritten as

F ~ (2m)%6 (i pj> 5 <§N: p;> / [dX ] e~ Sxi= T TT VRO (2.7)
r=1 r=1 T

! As is mentioned in appendix C, this form of I'[¢] is only up to a constant which can be fixed by
factorization. With the string field action in eq. (A.1) and the I'[¢] in eq. (C.22), one can see that the factor
is fixed as [4]

[dXi]¢ ~ [Xm] sgn <T1_[i ow> e Tl ,

up to a numerical factor. We ignore the phase factor sgn (Hivzl ar) in the following, because it does not

play any important roles.



Longitudinal coordinates. In order to covariantize the amplitudes, we need to intro-
duce the longitudinal coordinates. The light-cone gauge condition implies that X+ equals
the Lorentzian time on the light-cone diagram, which means on the z-plane,

X*(22) = 1 (p(2) + (7)) - (2.8)

Therefore we introduce the variable X+ with the delta function & (X T+ %(p + ,5)), which

can be expressed as

: N
¢ — 7 -1 X'~ 80 —ipt X'~ —
5<X++§(p+/))> N/[dX' Jemw [ @2X 33X+71_[16 X (2 Z0)

></ {db'dc’di)'dé/] e_%fdQZ(bléclJrg/aél)c/(oo)é’(oo) . (29

Eq. (2.9) should be considered as the formal Euclideanized version of a Lorentzian path
integral.2 The Grassmann odd fields ', ¢, ¥, & of conformal weights (1,0), (0,0), (0,1),
(0,0) are introduced to cancel the determinant factor (det 85)71.

With these variables, we can rewrite the right hand side of eq. (2.7) as

- ) (Zi\le p;)

/ [dX*dX'*dX@'db’dc'dB'da'} e~ Sxi= S =Sy

N
xd (00)@ (00) [ | (VTL%*WX/‘ (ZT,ZT)) . (2.10)

r=1

where

™

1 _ -
Syer = — / 42 (b'ac’ + b’aa’) ,
1

Sy = —%/d% (0XT0X'™ +9XT0X'™) +T [In(—40XT0XT)] . (2.11)

We consider Sy + 5. + Sy as the worldsheet action for these variables. The action S
is with the interaction term which depends only on X . This interaction term does not
affect the correlation functions with less than two insertions of X'~ and they coincide with
those of the free theory. Thus one can show the OPE

XT(2,2)XT(¢,7) ~ regular,

Xt (z,2) X'~ (2,7) ~n|z = 2| . (2.12)
From the worldsheet action, the energy-momentum tensor can be obtained as

T(2) = 0X*OX'™ —2{X* 2} — LOX'OX ~voc (2.13)

2 In the light-cone gauge, the worldsheet should be inherently with Lorentzian signature. In this paper,
we use the Euclideanized expressions, which look more familiar.



when z # Z,., zr. Here

PX+t 392X\
+ — _ =
et =55 2<8X+>
1

= —5 (9 (1n (~40X79X7)))* + 6 (In (~49X 70X ")) .

denotes the Schwarzian derivative. This term can be derived from the variation of I" which

coincides with the Liouville action except for the singular points.

Covariant variables. The covariant expression for the amplitudes can be obtained by
introducing [7]

b=0Xty,

c=(0xT)', (2.14)

and their anti-holomorphic counterparts b and ¢. The fields b and ¢ have now weights (2,0)
and (—1,0) respectively. We should also introduce
! 2y + 7t 32 v+
szX/f—i—bc . 0°X 2+7bc B (97X .
OXT  2(9Xx+)°  OX* 2(9x+)

(2.15)

so that the OPE’s between X~ and the ghosts are regular and the energy-momentum
tensor (2.13) takes the form

T(z) = 90X 90X~ — %axiaxi — 2bdc — Obc (2.16)

which coincides with the energy-momentum tensor in the conformal gauge. In the following,
we would like to rewrite the correlation function (2.10) using these new variables.

DDF operators. Let us first consider the vertex operator. From eq. (2.16), one can see
that the action for the new variables should be the free action. X~ appears essentially in
the same way as X'~ does in eq. (2.9), and we obtain the delta function. Therefore p(z)
and p(z) which appear in the integrand can be replaced by 2iX; (z) and 2iX# (), where
XZ(z) and XE(E) are the holomorphic and the anti-holomorphic part of Xt respectively.
We will denote the equality which holds under this identification by ~. Thus the factor

% . in the definition (2.4) of V' can be rewritten as
I
0" X' d :
CEL - ioxi e
(n—=1! |, —o 0 2mi
Xt A0 yiee
~ 7{ d—'z.i(?Xi(z)e R T
Zy 211
. T(g )-Hﬂr
= Aien Tt (2.17)
where A(_TELZ is the DDF operator given by
+
i d ) . XL(Z)
A f{ SZixi(z)e " (2.18)
Zr ™



One can also use

= N - N’r
o)X (2,2) = ¢35 ) ) (2,2)
NG
—2(pirpy —N7) | -2~ —Re Ng§
~ ‘Z _ ZT"_Q(pj‘»p:_NT) e (pr r )< o oo

) e

for 2 ~ Z,, where NjJ is defined in eq. (C.18). Using these, one can show that
WLCe_iijP (Z.,Z,) in eq. (2.10) subject to the on-shell condition (2.5) can be rewrit-
ten as

‘/'TLC —1ipy X/ (Zr, Z ) ~ o VDDF(ZT, Z ) QRGN&;’ (220)
where
. N~ - — 2Ny + i Y
VEDF(; 2) = AT A0 it X =i )Xl (2.21)

is the vertex operator corresponding to the DDF state.

Covariant expression. One subtle point to notice in eq. (2.14) is that the variables b, ¢
should have zeros and poles at the zeros and poles of X . Since the integration over X~
leads to the identification X+ ~ —%(p + p), the zeros and poles of 9Xt become those of
0p, namely z; and Z,. Accordingly b should be inserted at z; and ¢ should be inserted at
Z,, if we wish to rewrite eq. (2.10) [7—10]. These insertions should come with appropriate
factors made from p,p or X in order that eq. (2.10) is reproduced. Using egs. (2.20)
and (C.25), one can show that eq. (2.10) can be rewritten as

2
Z o Ly
T

F ~ / [dX“dbdchdE] e~ 5x = She

where Sy and Sy are the free actions for X* = (X*, X?) and for b, ¢ respectively.

One can show that eq. (2.22) yields the expression for the amplitudes in the conformal

b dz b
37/)(2[) = j{l %a_p(z) )

gauge. Using

and deforming the contour, one can recast eq. (2.22) into the form

F ~ / [dX“dbdchd&] ¢~ 5x =S

dz b dz b N i~
XH(fEI?m@p )7{;127”6,0 )H (ccV"P") (2, Zy) . (2.23)

where the integration contour C7 is depicted in figure 1 in appendix C on the p-plane.



The amplitudes can be obtained by integrating the correlation function F' over the
N — 3 moduli parameters 77 defined in eq. (C.4) as

A o /HdQQ} F(T1,T7) . (2.24)

One can see that the antighost insertion sz v abp

vector field associated with the moduli parameter 77. The form of the amplitude is BRST

invariant, because the vertex operator ccV,PPF is invariant and

{Q&ji}%a%(z)}:ﬁ]%a%(z), (2.25)

yields a total derivative with respect to 77.
We can change the integration variables to Z, (r =3,4,--- ,N — 1) and

N—-1
o7
2 I
oc/rl_[?’d Z, det(azr>

With the expression (2.23) for F, the determinant factor can be combined with the

(z) corresponds to the quasiconformal

2 F(T;,1;) . (2.26)

antighost factors as

e (57:) T, ) NH( 74, i)
(Z j{ Qd;a% )(Z)p<21>)b(z)
23 7{ Qd;am >p(;<zf+1>>b(z)>
x H (Z 7{ ;fz 9z (p ap( ')O(ZI(S)))b(z)> . (2.27)

Performing the contour integrals around Zs in the last line, we eventually obtain the familiar

expression

A x / [dXﬂdbdchda] e Sx—Ste

x [ (ceVPPF) (2., Z,) H / d*z,vPPY (2., 2,) . (2.28)

s=1,2,N
Hence the variables X*,b, ¢ can be identified with those in the covariant formulation.
From eq. (2.15), one can find the OPE’s of the variables X+, X'~ V', ¢ to be

OX1(2)0X T (2') ~ regular ,

OXt(2)0X'(¢) ~ ﬁ )
/— I— 1 1 1
0X™ (2)0X" (&) ~ —20.0- <(z — /)2 6X+(z)8X+(z’)> ’
H(o)e () ~ - _1 =, (2.29)



and regular otherwise. These can also be deduced from the action (2.11). Using these
OPE’s, one can easily show that the energy-momentum tensor (2.13) satisfies the Virasoro

algebra of central charge ¢ = 0.

2.2 Noncritical case

The light-cone gauge string field theory in d (d # 26) space-time dimensions can be defined

with the action given in appendix A. This time, the correlation functions we should

consider is®

5<fjp> (Zpr ) [lax OV e

We can follow the above procedure and introduce the variables X*, b, ¢ without any prob-
lem. In this case, eq. (2.13) should be

1 o 2
T(z) =0XtoX'™ — §3XZ(9XZ - d— {X*, 2} —voc . (2.31)

By using X*,b, ¢ defined in eq. (2.15), T'(z) can be rewritten as

T(z) =0X1T0X ™ — d 1226 {X*,2} - %axiaxi — 2bd¢ — Obe | (2.32)
and the action Sy+ should be
L[ o ot mv L Aviayy 4= 26 P
Syt = —5- 2 (0XTOX™ +0XT0X ™) + i I[n (—40X10X1)]. (2.33)

Therefore in noncritical dimensions the worldsheet theory for X is different from the usual
free theory, and obviously the Lorentz symmetry is broken.

What we should study is this theory for X*. It is a conformal field theory similar to
the one for X+ and X'~ in the previous subsection. We will study its properties in the
next section.

Before closing this subsection, a comment is in order. For d # 26, one can define

= (8X+)
d = (BXJr) c,
b o 92X+ Ve o 0*X+t
X = x/- - 2.34
T oxT T2 xeE TYaxt T 2ax)e (2:34)
with P
ala+1)=—=. (2.35)

12

3 This time we have
. . N d—2
[dX'] ~ [dXZ] sgn H ar | e 7 Il
¢ r=1

and we ignore the phase sgn (Hivzl ar) in the following.



Using these variables, the energy-momentum tensor (2.31) can be written as
1 .
T(z)=0XT0X"" — §8X’8X’ —b"0c" — ad (b"") . (2.36)

Therefore the worldsheet theory is a free theory with ghosts of noninteger spins. We may
be able to study the theory using these variables, although we need to figure out the way
to deal with the ghost zero-modes.

3 X* CFT

3.1 Action and correlation functions

The theory we would like to consider is with the action (2.33) and the energy-
momentum tensor

d— 26
12
This theory will be well-defined if 9X T has a nonvanishing expectation value. As in the

Tx=(z) =0XT0X™ — {x*,2} . (3.1)

case of the theory for X+ and X’~, we always consider this theory in the presence of the
insertions of the vertex operators e*ipixi(Zr, Z,) (r=1,...,N) with N pF =0, so
that the classical equation of motion implies

N .
X*(22) = =iy pfilz—Z [ == (p(2) +5(9)) - (3.2)
r=1

Thus the quantities we would like to calculate are the expectation values

(b e 2.2))

r=1
N
= / [dxtax~]e S p (Xt X7 [[e X (2.2,).,  (33)
r=1
for functionals F'[X T, X ] which satisfy
FIXT+e, X +e]=F[X",X], (3.4)

for arbitrary constants €.
For functionals F'[X ] which do not depend on X, it is formally possible to perform
the path integral as in eq. (2.9) and obtain

<F [X*] ﬁ e X7 (7, Zr)> ~F [—% (p+ p)] exp <—%F [In (apéﬁ)]> , (3.5)

r=1
up to the factor coming from the integration over the zero-modes of X*. It is convenient
to define

FIXt, X7]) = . - : (3.6)
< [ ]>p <H£V=1 e—ipt X~ (ZT7Z7")>

and we obtain



F [—% (p+ ﬁ)} exp (—d;fGI‘ [In (8p5ﬁ)]> as a generating functional. The manip-
ulation to obtain eq. (3.5) is rather formal because dp(z) possesses zeros and poles and we
need to specify the regularization procedure to define I' [ln (Bpéﬁ)]. As we mentioned in
the last section, this was done in ref. [5] and T [In (9pdp)] is given for arbitrary Mandel-
stam mapping p. Assuming that eq. (3.5) is true with I" derived in ref. [5] (and also in
appendix C), one can calculate correlation functions which involve X~. Roughly speak-
ing, differentiating the left hand side of eq. (3.5) with respect to p} and setting p} =0,
we obtain
N-1
<F (Xt X~ (Zn. Zy) [] e (ZT,ZT)> : (3.8)
r=1
although the momentum conservation condition complicates the procedure a bit. In the
same way, we can in principle obtain arbitrary correlation functions, treating the right
hand side of eq. (3.5) as a kind of generating functional.

Since all the correlation functions on the complex plane are given this way, we define
the theory based on eq. (3.5), rather than starting from the action (2.33). If one define
the theory in this way, it is not a priori clear if T'x+(2) in eq. (3.1) can be considered as
the energy-momentum tensor. In the rest of this section, we would like to calculate the
correlation functions of Ty« (z) and examine if it can be regarded as the energy-momentum
tensor of the theory.

One comment is in order. The operator e~ X" can be considered to create a hole
of length « in the light-cone diagram. Therefore it is similar to the macroscopic observ-
ables in the old matrix models [11]. These operators are nonlocal objects and give rise to
singularities at z; where no operators are inserted. Taking p™ — 0 limit to obtain local

operators is exactly what was done in the old matrix models.

3.2 Correlation functions of X~

In order to calculate the correlation functions of Ty« (z), we need correlation functions of
X ™. Let us follow the above-mentioned procedure and calculate them.

One point function. First we consider the simplest example, (0X™ (z)),. In order to

calculate this quantity we start from
N+1
- = d—26 =
<H e X7 (7, Zr)> ~ exp <_TF In (a,da,a’)]) : (3.9)
r=0
where pj\r[ = —pg and

N+1
p(z) = Z arIn(z — Z,), N4l = —Q . (3.10)
r=0

Then the one point function (0X ™ (2)), can be given as

d— 26

(OX~ (Z0)), = 2 D200 <_ I [In (ap’éﬁ’)]> (3.11)

ap=0

,10,



It is straightforward to evaluate the right hand side of eq. (3.11) by using the expres-
sion (C.22) for I'[¢]. In the calculations, one should notice the following points. While
there are N interaction points 2}, for p/, there are only N — 2 interaction points z; for
p = limg, 0 p/. Since

09 (2) = Op(z) + —2 =

_ 3.12
Z—Zo Z—ZN+1 ’ ( )

what happens in the limit ag — 0 is as follows: One of z/,’s, which we denote by z}(o), goes
to Zo; One of 27,’s, which we denote by z'I( ~11)s 8oes to Zn 115 The other interaction points
27 go to the interaction points z; for p, which are denoted with the same subscripts. As we
mentioned earlier, e~y X~ (Zp) with finite par should be considered as a nonlocal operator,
which induces singularities at the interaction points where there are no operator insertions.
Z/I(O) — Zp in the limit pj — 0 is consistent with the fact that e=Po X~ (Zy) tends to a local
operator. One subtle point to notice is that if Zj is close to one of Z,. (r =1,--- ,N) and
the interaction point nearest to Z,. coincides with 2/, the Neumann coefficient Nt does
not go to NJ§ in the limit pj — 0. Since I [In (9p'0p’)] depends on N'fj, it implies that
e~ iPo X (Zp) has a nonlocal effect even if we take pg' — 0 in such a configuration. Then
we cannot expect to get correlation functions of local operators from I' [ln (8;)’5/3’)]. In
the following, we will assume that Zy and Zx1 are not close to any of Z, (r=1,--- ,N),
to avoid such a situation. Namely we assume that p(Zy) and p(Zy41) are not in the
regions of external propagators in the p plane. We calculate (0X~ (Zp)) , for such Zo, and
analytically continue the result to the whole complex plane.

Using the identities presented in appendix D, we obtain

N
_ d—26 _. 1 1 1
<8X (z)>p =~z 21 [_;O&_r (Z_ZY) - z—Zr>
B Z 1 1 o(=w)
n ?p(z1) (2 — 21)% Ozp

_ 1 1 _ 33/)(21) 1
32 (82,0(,21) (z—21)3  2(0%p(z))% (2 — ZI)Q)] , (3.13)

1

where W is defined in eq. (C.15).
One can generalize eq. (3.11) and calculate the correlation functions with insertions of
X7 as

(0X~ (Zo) F [XT] >p
20,00, (F XTI e X (2,,2,))
(5 o> (2.2,))
ap=0

) ; ) 1 OF[XT
= (09X~ (20)), F [‘5 (v *p)} v Eg 5X+[<z,z]>

(3.14)

Xt=—5(p+p)

Since we are dealing with the correlation functions with source terms for X, we can read
off the operator relations from these correlation functions. From egs. (3.7) and (3.14), we

— 11 —



obtain the OPE’s
1

OX* (2)0X* () v regular,  OX~(2)IXT () ~ s
Z—Z

(3.15)

which are valid if 2 and 2’ are away from the singularities Z,., z;. These are consistent with
eq. (2.29).

Two point function. The two point function for 90X~ can be calculated by using
eq. (3.13) as

(0X™(2)0X™ (Z0)), = 2102000 (0X™ (2)),

+(0X™ (2)),(0X™ (Z0)), - (3.16)

«@Q

Here we are interested in the singularity at z = Zy. It is straightforward to calculate the
right hand side of eq. (3.16) and obtain

d—26
12

(0X(2)0X ™ (Z0)), = (2i)? < ) 9.0z, [ ( ! ! ] + regular terms .

z = Zo)? 0p(2)0p(Zo)
(3.17)

From this, we deduce the OPE

. d—26 1 1
OX(2)0X7(2) ~ = =5~ 0:0 [(z—z’)Q 8X+(z)8X+(z’)]

12

d— 26 1 6 1 1
T [_ G x () GmTp <(0X+(z’))2>

ey ol <<ax+1<z'>>2>] | 19

which is valid if z and 2’ are away from the singularities Z,,z;. This is consistent with
eq. (2.29).

We can also obtain an expression for the correlation functions with X insertions as
we did in eq. (3.14):

(0X™ (2) 90X~ (w) F [XT] >p

= (09X~ (2)0X~ (w)) F [—% (p+ p)}

/ SF[XT
+(0X™ (2)), / (e _1 W 5x+<[w’7i}’>

B 1 SF[XY]
+(0X (w)>0/d22/ z—z Xt ( z

Xt=—%(p+p)

')

Xt==3(p+p)

1 1 S2F[XT]
—|—/d2z'/d2w' — — (3.19)
z—2z'w—w §XT(Z,Z2)IXT(w,w) X+=—i(p+p)
3.3 Energy-momentum tensor
To be precise, the term 0XTOX ™~ (2) in Tx+(z) given in eq. (3.1) is defined as
_ . _ 1
OXTOX (2): = Zl/linz <8X+(z/)6X () — m) . (3.20)

- 12 —



Then the correlation functions with one Ty+(z) insertion can be evaluated as

(Tx+(2)F [XT])

P
i i +
=T, F 54|~ o) [ s e
’ T=—3(pt+p
where ‘ J 96
(Tx=(2)), = = 500 (2) (90X~ (2)), = 5 {p:2} - (3.22)

One can evaluate the right hand side of eq. (3.22) and examine how it behaves around
the possible singularities:

( _d—26
1 0 ( 24 F[Qb]) 2~ ZT
z— 2y 0z,
(Txs()), ~ { regular s (3.23)
L O (31) z~ 00

Egs. (3.23) and (3.21) imply that T'x+(z) is regular at z = z; and oo, if no operators
are inserted there. Therefore, although X ~(z) is singular at z = z; without any operator
insertions, the energy momentum tensor is regular and conserved. This property is essential
for constructing the BRST charge. From eq. (3.23) for z ~ Z, we can read off the OPE

L 9eviX"(7,.2,) . (3.24)

z— Ly

Txs(2)e P X7 (Z,,Z,) ~

Although e~ X is a nonlocal operator, it behaves as a primary field of weight 0.
Using the OPE’s (3.15) and (3.18), we can show that Tx+(z) satisfies

(28 — d) 2

. — Z’)4 (Z — Z’) GTXi (Z,) . (3.25)

1
Tx=(2)Txx (') ~ 2( 5 x+ (") +

z—2
Therefore the central charge of the Virasoro algebra in the X* CFT is 28 — d. We can also

find that
1

1
SOXE(E) + —

T+ (2)0XF(2) ~ o9

D*XE(2), (3.26)

and thus 0X* are primary fields of weight 1.

4 BRST invariant formulation in noncritical dimensions

Since the worldsheet theory for X+ is a CFT with Virasoro central charge 28 — d, with the
transverse coordinates X* added the total central charge of the system for X* and X7 is
26. Therefore with ghosts b and ¢, we can construct a nilpotent BRST charge Q3.

As we have shown in section 2, the amplitude for the light-cone gauge string field
theory can be rewritten by using these variables. We start from the correlation function

,13,



given in eq. (2.30), where the vertex operator V" is of the form (2.4) but with the on-
shell condition

d—2
24
We can proceed in the same way as in section 2 and eventually obtain

1 L
5 (2P +0ip) + N, = (4.1)

F ~ / [dXidXidbdchda] e~ Sxi—Sx+ S

<11 (740 ol )7402%8%())
] (cerpores (<1522)) (2..2)

r=1
_ +
X Hexp( 26 ‘;i > ( Y%Z& )> , (4.2)

where V,PP¥ is defined in the same way as in eq. (2.21).
It is easy to show that V,PPFexp ( z% if—+) is a primary field of weight (1,1) and

Tx+(z) is regular even with the insertion exp (zd2426 if: > (zy), 2(7")). Therefore eq. (4.2)

26 X

DDF d—
V.72 exp ( ZTp—i) may look as

gives a BRST invariant expression for the amplitude.
a vertex operator with momentum

1d—26
I~ — o 4.3
Dy pr+p?T 5L (4.3)

instead of p, , but the momentum which is conserved is p~. The conserved momentum can
be identified with the operator

dz
%2—7”28X (2), (4.4)

on the worldsheet, which is conserved at the interaction points with insertions

d— 26X+>
exp (14522
p( 24 p

5 Discussions

In this paper, we have constructed a BRST invariant worldsheet theory which corresponds
to the light-cone gauge string field theory in d (d # 26) space-time dimensions. The
worldsheet theory for the longitudinal coordinate variables X* is different from the usual
free theory, but it is a CFT with ¢ = 28 — d. Our results provide yet another way to
construct string theories in noncritical dimensions. The BRST invariant formulation will
be useful to study D-branes for such string theories.

Now that the CF'T is given, we can at least formally construct the interaction vertices
of the string field theory based on this CFT through the prescription of ref. [12]. Since we
have constructed the CFT on the worldsheet of the light-cone string diagram, the gauge
unfixed version of the string field theory is supposed to possess the joining-splitting type
of interactions. Such a theory looks similar to the a = p* HIKKO theory given in ref. [13].

— 14 —



The results in this paper should be generalized to be used in regularizing string field
theory. One should consider the X* on the Riemann surfaces with higher genera, in order
to check if it works for regularizing the UV and IR divergences. One should also construct
a supersymmetric version of the CFT. The light-cone gauge superstring field theory in
noncritical dimensions can be used to dimensionally regularize the tree amplitudes of the
critical theory, as was discussed [4]. It is possible to generalize the calculations performed
in this paper into the superstring case, although they are much more complicated. We will
present these results elsewhere.
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A Action of light-cone gauge string field theory

In order to fix the notation, we present the action for the light-cone gauge bosonic string
field theory in d space-time dimensions. The worldsheet variables are X* (i = 1,--- ,d—2).
The action of the string field theory takes the form

L@ | FLCO _ a2
S:/dt E/dldQ (R(1,2) @), (% - i 2 ) o),

(3]

2
+?g/d1d2d3<V},(1,2,3)]<I>>1]<I>>2]<I>>3] . (A
Here LLC( ")
g is the coupling constant, and dr denotes the integration measure for the momentum

is the zero-mode of the transverse Virasoro generators for the r-th string,

zero-modes of the r-th string defined as

ayda, di? Dy

A (2m)d=2"7

dr = (A.2)

where o, = 2p; is the string-length parameter of the r-th string. (R(1,2)| is the reflector
given by
1 Ly (1) 4i(2) | 511 5i(2)
(R(1,2)] = 5(1,2) - (0] yfole” =i # (o o740 ai®)
1
6(1,2) = 476 (o + ag) (2m)4726972 (p1 + pa) . (A.3)
(V3(1,2,3)| denotes the three-string interaction vertex defined as

3

(V53(1,2,3)| = 470 <Z ar> sgn (o aoa)

r=1

3 S d 2
6_27—0 Zr:l anr

. (A4)

Q103

Here <VLPP(1, 2,3)| is the three-string LPP vertex [12] for the transverse coordinate vari-
ables X' and 7y = Zi’:l oy, In|a,|. The string field |®) is taken to obey the reality and the
level-matching conditions.
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B Mandelstam mapping

Let p be the standard complex coordinate on the N-string tree diagram with the joining-
splitting type interaction. The portion on the p-plane corresponding to the r-th external
string (r =1,...,N) is mapped to the unit disk, |w,| < 1, of the r-th string as
p = a, Inw, —|—Tér) + 10, , (B.1)
where Tér) + 90, is the coordinate on the p-plane at which the r-th string interacts.
The N-string tree diagram is mapped to the complex z-plane with N punctures by the
Mandelstam mapping [2]

N
p(z) = Z arIn(z — Z,), Z ar =0, (B.2)
r=1

where the puncture z = Z, corresponds to the origin of the unit disk w, = 0. The N — 2
interaction points zy (I = 1,--- ,N — 2) are determined by dp(z7) = 0. These are related

to the interaction points on the p-plane by

() =77 + B, (B.3)
where zgr) denotes one of z; at which the r-th external string interacts. The fact that z;’s
are the zeros of Jp(z) yields

N
[1;(z —21)
Op(z) = E Osls | ————, .
o (Sl Z)Hivl(z—zr) 4

N
2 _ [z = 29)
0 p(ZI) - <; asZs> HTJ,Vzl(Z[ _ Zr) ) (B'5)

N 72 N
%Vzl Zy <Z ., —ZZT> , (B.6)
I r=1

s=1 CkSZS

N 1(Zr =2z
oy = <Z aSZS> —HE[#E(ZT — IZ)S) . (B.7)

s=1

C Computation of I'[¢]

I'[¢] can be obtained by evaluating the Liouville action for the metric (2.1) on the z-
plane [5, 6]. Here we will present an alternative derivation. e Tl?l can be regarded as the
partition function of the light-cone gauge string theory in 26 space-time dimensions from
the view point of the worldsheet CFT on the light-cone diagram. Therefore the variation
0T'[¢] under

Zy — Zp+02,, Zp—Z,+6Z,, ap— ay+ oy (r=1,...,N), (C.1)

can be given by using the expectation value of the transverse energy-momentum tensor
Tyi. We can obtain I'[¢] by integrating 6I'[¢]. The result should be up to a factor which
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does not change under the variation eq. (C.1). Such a factor can be fixed by imposing the
factorization condition in each case [4].

Before we begin the calculation, two comments are in order. Because of the constraint
Zf,vz 1 ap = 0, all the da,’s cannot be treated as independent variations. Here we think of

0 with r =1,--- /N — 1 as independent of each other and day as being determined by
the relation
N-1
Soy =— Y bay . (C.2)
r=1

We also note that I'[¢] involves divergence originating from the infinite length of the exter-
nal lines. We regularize it by cutting off the r-th external line so that its length becomes
a,l,., where £, is a large positive constant. By doing so, the contribution from the r-th
external line to the partition function becomes e, and the divergences of T'[¢] become
independent of the parameters .., Z,. On the z-plane, this corresponds to cutting a hole
of radius ¢, around Z,., where ¢, and ¢, are related as

arly =Re (p(") = p(Z + ) - (C.3)

Variation d (—I'[¢]). The variations (C.1) correspond to the variations of the following

parameters of the light-cone diagram: (I) the moduli parameters

Tr=p(zr41) — p(21) ; (C.4)

(IT) the heights ¢, of the external cylinders; (III) the circumferences 2mwc,. of the external
cylinders. Thus the variation §(—I'[¢]) is expressed as

5 (=Tl¢l) = (1) + (1) + (I, (C.5)
where
Z(ST]% p (T'xi(p)) +c.c.,
N—1
= — [0 dp « dp C.C
=3 [ oo SeTalo) s, f (T | e
-1
dp
(III) ; i2md, /LTN 5rd (T'xi(p)) +c.c. . (C.6)

Here c.c. stands for the complex conjugate. The integration contour C7 of the term (I) lies
between the consecutive interaction points p(z74+1) and p(zy) as depicted in figure 1. The
integration path L,y of term (III) in eq. (C.6) is a line stretching from the asymptotic
region of the r-th external string to that of the N-th string on the p-plane. As an example,
the path Lqy is depicted in figure 1. On the z-plane, the path L,y becomes a segment
connecting the two punctures Z, and Zy with the orientation from Z, to Zy.

The expectation value of T'xi(p) can be evaluated by going to the z-plane. Since

1

G L) =2pzh) s (Txlz)) =0, (C.7)

Txi(p) =
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F

(1)_ @] 5) (6
T, =T, -[83) Tg‘) -[f)) .[()

Figure 1. A typical N-string tree diagram with N = 6. The contours C; and the path Ly on the
p-plane of the integrals in eq. (C.6) are depicted for this case.

we obtain

1
(Txi(p)) = ) (—=2{p, 2}) - (C.8)

Using eq. (C.8), one can rearrange the term (I) in eq. (C.6) as

T
— z — plz —ZM
_;5@( r+1) — p( I))]é 2mi Op(z)
N
_ z(r) Q{p,z} %M
op() 7{ g%)}) -

where 27° denotes the interaction point closest to z = 0.
From eq. (C.2), one can easily find that term (II) becomes

N
dz (_2{p7 Z})
— &néar% ——— —~—— +cc.. C.10
; 7. 2w Op(z) ( )
We can recast the r-th term of (III) in eq. (C.6) into

_ dp dz (=2{p,2})
12mdoy, /LrN i (Txi(p)) = i2mécuy /LrN 2mi  Op(z)

iy dz n(z—Z,)—In(z—Zn) (—2{p, z})
zQwéar/ZN% = o0(s) (C.11)

Here we have taken the cut of the function In(z — Z,) — In(z — Zy) in the integrand on
the right hand side to be the segment L,y and the integration path L,y to be the sum
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£, < Ey
)2 S {
Z
r [] N
I—rN
C. Cy

Figure 2. The integration path L,y consists of the two oriented segments described by the arrowed
bold lines. The dashed line denotes the cut of the integrand on the right hand side of eq. (C.11).

of the two oriented segments connecting two punctures Z, and Zy as depicted in figure 2.
Deforming the contours to rearrange eq. (C.11) further and summing over r, we obtain

aryin [ g =—(5 [+ 5 + ) dmo et

(C.12)
where C, and C'y are depicted in figure 2.

Eventually we obtain the expression

2 —5p(z\" o by
5(-T [ Z/ 4z 0p() =00y ) H0onl (op, oy

2mri 8;)(2)

> f dz 3p(z ‘W”( 2p.2))

omi p(z)

y g bp(2) — bp(:F)
oo 270 Op(z)

(—=2{p,z})| +cc. . (C.13)

Evaluation of the contour integrals. Let us evaluate the contour integrals on the right
hand side of eq. (C.13). For z ~ Z,, z1, 00, the Schwarzian derivative {p, z} behaves as

1 1 9(=w) 0

- -7 ~Z

(z—Zr)2+z—Zr 0Z, +0((z W)°) = "
—2{p,z} = 3 1 o(=W) 0 o (C.14)

(z — 21)? + z—2zr Ozs +0 ((z 21) ) =

0 (&) s

where W is a function of Z,, Z,, 21, Z; defined as

W(Zy, Zyozr,Z1) = =2 [ Y Inlzr — 2P+ > In|Z, — Z|* - Zln\z —z]*| . (C.15)

I>J r>s

For the contour integral along C,, one should notice that dp(z) involves a term
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day- In(z — Z,). This part can be integrated as

dz da, In(z — Z,.) 1 dz day In(z — Z,)

4= 9 ~
o, 2mi op(z) (=24, 2}) ar Jo, 2m 2z — 7,

= _5%/;0 (Ine, +i6)

a
day, . .
= — (In€, + imaginary part) , (C.16)

Qo

for €, ~ 0. The other terms can be evaluated by taking the residues of the simple poles
and one can show

5 (r) anl,
_Z/ 2dm op(z 8(;)( ))+5 ¢ (—=2{p,z}) +cc

N
=4 (—2 > ReNgg> +)° (5@8 (a_ZW) + c.c.> : (C.17)
r=1 r=1 r

where NjJ is a Neumann coefficient given by

(7")
Qs + By
Ny = — Z o In(Z, — Z,) + T ; (C.18)
S#ET
and 7'0 )+ B, is defined in eq. (B.3).
For z ~ z;, one can show
_ 1
0p(z) = op(zr) = —bzr+ (z—21)0 ( =Ind?p(2r) | + O ((z — 21)?) , (C.19)
dp(z) 2
using
9dp(2r)
=7 C.20

which is derived by varying the equation dp(z7) = 0 under eq. (C.1). The contour integral

around z; can be obtained as

—27{ dz 9p(z) = oplz1) (—2{p,z}) +c.c.

i Op(z)

=6 <—3Zln \a%(m)!) +)° (5213(0_;/) - c.c.> . (C.21)

It is easy to see that the integral around oo vanishes.

Putting all the pieces together, we obtain

N
~T[gl=-W —2) ReNgs —3> In|0°p()] . (C.22)
r=1 I

This form of T'[¢] is useful in the calculations in section 3.
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Other expressions. We note that W can be described as

N N
W = QZln\a,n] —4In Zar
r=1 r=1

which follows from egs. (B.5) and (B.7). This yields

Zr| =2 n|dPp(zr)| (C.23)
1

N 4

e~ Tl — H ’ar‘

r=1

e 2T Re NG T |0%0(z0)| " (C.24)
1

§ as S

This expression is the one obtained by the method in ref. [5]. We also note that

2
e 2 Re NG T 0%p(=0)| 2 (C.25)
I

N N
T =TT el e 2™ Y sz
r=1 s=1

which is used in sections 2 and 4.

D Correlation functions of 9X ~(2)’s

In this appendix, we present the details of the calculations to obtain egs. (3.13) and (3.17).

Let us consider the interaction points 27, 27, and 2}y, for p’(2) defined in eq. (3.12),
which tend to zy, Zp and Zy11 as ag — 0 respectively. From eq. (3.12), we can obtain the
expansion of 27, 2} and 2}y, in terms of ay,

r _ (7)) 1 _ 1 2
o = = (ZI_ S ZN+1>+0(%), D.1)
0?p (Zo) 1 1
gt o (5 ) o]
0= %= =5z [\ @p ey T 90 2o Zar) O )
0%p(Zn+1) 1 1
P :$[1_< pZn+1) | > Lo 2].
IO TN G () Or ) 09w Tvma—2) 0O ()

The Neumann coefficients N'5f for the Mandelstam mapping p’ behave as

<Z§T) - Zo) (Zr — Zn+1)
Re N'5 = Re N + —In
O (2 - 20) (47 — 2w

—|—(9(ag) (r#0,N+1),

RN = I ‘ oz
2
e %(gﬂp((zf()]))Q 9p (Zo) (Zlo - ZN+1)> a0+ 0 () -
Re Nyt = In 8p(;](]v+1) 1
2
o G (gpp((Zii;;Z Op (Zn+1) (1ZN+1 - ZO)> ao+0(ag). (D:2)
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Using egs. (B.4) and (D.1), we obtain

W' = 8In|ag| + W — 41n |0p(Zy)Op(Zn11)]

1 1 1 ow
2 _ _
2he [ ZI: 9%p(zr) <ZI T ZN+1> Oz1
8 p(Z) 4 p(Zny1)

(0p(20))*  (0p(Zn41))°
1 1 1 1

+4

i 25,0(20) Zo—Iny1 28p(ZN+1) ZNg1— ZO] ao+0 (ag), (D.3)
and
o' (+1) :32P(ZI)+<_ 1 7 T ! 2>a0
, (211— Z) (if — Zn41)
(T
&0 (270)) = —W
2
" [l - Gifz(ozﬁ) * T ZN+1>> %+0 (O‘?ﬂ} 7
0% (Zyven) = W

y [1+ < 30%p (Zn+1)

2
Op (Zn1)? Bp(ZN+1)(ZN+1—ZO)>O‘°+O(O‘0)]' (D.4)

Gathering all the relations obtained above, we have

I[n (8p'0p")] = 61n |ap| — 4 + T[In (0pdp)]

EN: 1 : (Zy) - Zo) (Zy — Zn+1)
—1In
Qr Zr — ZQ) <Z§T> — ZN+1>

=1 (

B Z 1 < 1 - 1 ) ow
n Pp(zr) \2r— 2y 21— Zny1) Oz1
3 1 1 1

2 Z,: 0%p(21) (m ~Z0)* (21— ZNH)?)

B §Z &p(21) ( L 1 )
2 (0%p(21))* \2r — 20 21— Znta

We can see that lima,—o I'[In (9p'dp')] is divergent and does not coincide with I'[In (0pdp)].

This singularity can be avoided by modifying I' — I'=3% " (31n |a,.| — 2), which corresponds
X

+ 2Re

ag+ O (ag) . (D.5)

S inT X T
to a renormalization of the operator e™#7 . Such a renormalization is irrelevant to the
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calculation of the right hand side of eq. (3.11) and we obtain

/8= al 1 (T)_ oW
a206040 F[ln (6,0 ap )Haozo = aZO Z Oé_ In Z ZO Z 62 Z[ — Z() 6z1

r=1

3 1 1 63,0 (zr) 1
2 ZI: 9p(z1) ((ZI — Zy)? TP 2 - Zo>

(D.6)

From this equation, we can compute the right hand side of eq. (3.11) and obtain eq. (3.13).

Let us evaluate the right hand side of eq. (3.16). This can be evaluated by using
eq. (D.6) with Zy, p(zr) and I replaced by z, p'(z},) and I’ respectively and with the range
of the index r taken to be from 0 to N 4 1. The terms in which we are interested are the
r = 0 contribution of the first term and the I’ = I(9) case of the second and the third terms
in the square brackets on the right hand side of eq. (D.6) with the replacements mentioned
above. In order to evaluate the first term, we use

1 z-— z}(o) 1

—1In =

ag  z—2y  Op(Zo)(z— Zp)

—3 LI < 9*p(Zo) 1 1 > 1
(0p(Z0))? (2 = Z0)* ~ \(9p(Z0))*  (9p(Z0))* Zo — Zn+1) 2= Zo

+0(ad) (D.7)
which follows from eq. (D.1). For the computation of the second and the third terms,
we use
1 o 30%p(Zo) 2 1 5 3
/ :_022_[024 P Zo) Zo—Zwy) 0O (00) -
20 (o) (0p(Z0))”  L(0p(20)"  (9p(Z0))” Zo — Zn+1
1 1 1 1
= - ao+ O (a?) |
=2 2—Zy Op(Zo) (2~ Zo)2 " (00)
ow’ 33/)/( }(o)) 1 2
= = —20p(Zy)— + 5——— + O(ap) - D.8
9710 e 20) ( )040 Zy — ZN+1 () (D8)

Combining these relations, we obtain eq. (3.17).
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